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ANSWER ALL QUESTIONS  

 

1.  (a) If G  is a finite abelian group of order n and m is positive 

integer prime to n¸ then show that the mapping mxx →:σ  is 

an automorphism of G. 

 (b) State and prove Sylow’s theorem for abelian groups. 

2. (a) Define a composition series of a finite group. Prove that any 

two composition series of a finite group are equivalent. 

 (b) Show that conjugacy is an equivalence relation on G.  

3. (a) If R is a commutative ring with unity in which each ideal is 

prime, then prove that R is a field. 

 (b) Describe all finite abelian groups of order 4432 . 

4. (a) Find the non-trivial ideals of the ring 







=

00

QZ
P . 

 (b) Show that a finite integral domain is a field. 

5. (a) If )(xp  is a polynomial in )(xF  of degree 1≥n  and irreducible 

over F then show that there is an extension E of F such that 

nFE =]:[  in which )(xP  has a root. 

 (b) What is Euclidean ring? Explain a particular Euclidean 

ring. 
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1. Show that every integral domain can be imbedded in a field. 

2. (a) State and prove the division algorithm for polynomial rings 

over a commutative integral domain. 

 (b) Show that the polynomial )(xf  ][xFE  has a multiple root if 

and only if )(xf  and )(xf ′  have a non-trivial common root. 

3. (a) Show that a group G insolvable if and only if eG k =)(  for some 

integer k. 

 (b) Show that the general polynomial n
nn axaxxp +++= ....)( 1  for 

5≥n  is not solvable by radicals. 

4. (a) Prove that any totally ordered set is a distributive lattice. 

 (b) Show that a lattice of invariant sub groups of any group is 

modular. 

5. (a) Prove that a partially ordered set with a least element O 

such that every non-empty subset has a least upper bound is 

a complete lattice. 

 (b) Prove that the complement Q′ of any element a of a, Boolean 

algebra B is uniquely determined and also, prove that 

;)( baba ′∧′−′∨  baba ′∨′=′∧ )( in B. 
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1.  (a) Let { } ,.....3,2,1, =nEn  be the sequence of countable sets and 

U
∞

=

=
1n

nES . Then ‘S ’ is countable. 

 (b) Compact subsets of Metric spaces are closed. 

2. (a) Prove that every k-cell is compact. 

 (b) If p is a limit point of a set E, then every neighbourhood of p 

contains infinitely main points of E. 

3. (a) Let }{ nP  be a subsequence in a Metric space X 

  (i) }{ nP  converges to XP ∈  if and only if every 

neighbourhood of p contains nP  for all but finitely many 

‘n’. 

  (ii) If XpXp ∈′∈ ,  and if }{ nP  converges to P and P ′  then 

PP ′= . 

  (iii) If }{ nP  converges then }{ nP  is bounded  

 (b) If ∑ na  converges and if }{ nb  is monotonic and bounded, 

prove that ∑ nnba converges. 



 

  

  

  

4. (a) Let ‘f ’ be a real uniformly continuous function on the 

bounded set E in R '. Prove that f is bounded on E. 

 (b) Suppose f is a continuous mapping of a compact metric space 

X into a metric  

space Y. Then )(Xf  is compact. 

5. (a) Let )(αRf ∈  on [a, b] ⇔  for every 0∈>  there exists a partition 

‘p’ such that 

<∈− ),,(),,( αα fpLfpU  

 (b) If f maps [a, b] in kR  and if )(αRf ∈  for some monotonically 

increasing function ‘α’ on [a, b] then )(αRf ∈  and 

∫∫ ≤
b

a

b

a

dfdf αα . 
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1. (a) Suppose 0≥f  is continuous on [a, b] and ∫ =
b

a

dxxf 0)( , prove 

that ∈∀= xxf 0)( [a, b]. 

 (b) Suppose F and G are differentiable functions on [a, b], 

RfF ∈=′  and RgG ∈=′  then  

∫ ∫−−=
b

a

b

a

dxnGnfaGaFbGbFdxxGxF )()()()()()()()(  

2. (a) The sequence of functions }{ nf  defined on E, converges 

uniformly on E if and only if for every 0∈> ,  an integer  N 

such that ExNnNM ∈≥≥ ,,  

    ≤∈−⇒ )()( xfxf mn  

 (b) State and prove Weierstrass approximation theorem. 

3. (a) If K is a compact metric space, if ∈nf  (K) for k = 1, 2, 3... and 

if }{ nf  converges uniformly on k, then ]{ nf  is equicontinuous on 

k. 

 (b) Let ‘α’ be monotonically increasing on [a, b]. Suppose 

Rfn ∈ (α) on [a, b] for n = 1, 2, 3,... and suppose ffn →  

uniformly on [a, b], then )(αRf ∈  and ∫ ∫∞→
=

b

a

b

a

n
n

dxffdx lim . 



 

  

  

  

4. (a) State and prove Lebesgue’s dominated Converges theorem. 

 (b) Suppose f is measurable and non negative on X, for ∈A  

define ∫=
A

dfA µφ )(  then φ  is countably additive on . 

5. (a) State and prove Fatou’s theorem. 

 

(b) Let }{ nf  be a sequence of measurable functions. For Xx ∈  

)(suplim)(

)(sup)(

xfxh

xfxg

n
n

n

∞→
=

=  ,...3,2,1=n  Then g and h are measurable.
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SECTION — A 

1. (a) Find a power series solution of the Legendre's equation 

( ) ( ) 0121 2 =++′−′′− ynnyxyx . 

 (b) State and prove Rodrigque's formula for Legendre's equation. 

2. (a) Show that for any function ( ),xf for which the thn  derivative is 

continuous ( ) ( ) ( ) ( )∫∫
−−

−=
1

1

2

1

1

1
!2

1
dxxfx

n
dxxPxf nn

nn . 

 (b) We shall prove that 

   ( ) ( )






=
+

≠
=∫

−
nm

n

nm
dxxPxP nm ,

12

2
,01

1

. 

3. (a) Prove that 



   

  2 

   ( ) ( ) ( )[ ]





=+

≠
=∫ βαα

βα
βα

,
2

1
,0

2

1

0
n

nn J
dxxJxJx  

  Where βα ,  are the roots of ( ) 0=xJn . 

 (b) Prove that 

   ( ) ( ){ } ( ) ( )xJxJxJxJx
dx

d
nnnn
2

1
2

1 ++ −= . 

4. (a) Solve ( ) ( ) ( )yxzqxzypzyx −=−+− 222 . 

 (b) Find the general solutions of ( )12 −′+′− DDDD  ( )yxZ 2cos += . 

5. (a) Solve ( ) ( )yxzDDDD +=′−′+ 2cos6
22 . 

 (b) Solve ( ) 22 2 xyzDD −=′− . 
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1.  (a) Use De Moivre's theorem to solve the equation .015 =+x  

 (b) Prove that if G  is open and connected  and CGf →:  is differentiable 

with ( ) 0=′ zf  for all z  in G , then f  is constant. 

2. (a) State and prove the fundamental theorem of algebra. 

 (b) Let G  be an open set and let CGf →:  be a differentiable function. 

Then prove that f  is analytic on G .  

3. (a) Find the Laurent's expansion of ( )
( )( )21

27

−+
−

=
zzz

z
zf  in the region 

.311 <+< z  

 (b) State and prove the homotopic version of Cauchy's theorem. 

4. (a) State and prove open mapping theorem. 

 (b) Expand ( )
( )( )21

1

−−
=

zz
zf  in the region. 
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  (i) ,1<z  

  (ii) 21 << z . 

5.  (a) By integrating around a unit circle, evaluate ∫ −

π

θ
θ

θ2

0

.
cos45

3cos
d  

 (b)  Show that 
2

sin

0

π
=∫

∞

dx
x

x
. 

   

––––––––––––––– 
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1.  (a) Let nφφφφ ...,, 321  be the n  solution of 0)( =yL  on I satisfying 
( )

1)( 0

1 =−
x

i

iφ . ( ) ( ) 00

1 =−
x

J

iφ  for ji ≠ . If φ  is any solution of 0)( =yL  

on I, there are n  constants ncccc ........,, 321  such that  

  nnCCCC φφφφφ +++= .....332211 . 

 (b) Consider the equation  

  0)(')(")( 21 =++= yxayxayyL ,  where 21 ,aa  are continuous on same 

interval I. Let 21 φφ  and 21 ,ψψ  be two bases for the solutions of 

0)( =yL . Show that there is a non zero constant ''k  such that 

( ) ( ) )(,)(, 2121 xkWxW φφψψ = . 

2. (a) One solution of 06'6"3 22 =−+−′′′ yxyyxyx  for 0>x  is xx =)(1φ . Find 

a basis for the solution 0>x  

 (b) Find all solutions of the equation xy
x

y =−
2

2
"  ∞<< x0 . 



   

  2 

3. (a) Find a real valued solution of 
x

yx

e

e
y

+
=

−

1
' . 

 (b) Prove that, the necessary and sufficient conditions for the 

equation 

  ( ) ( ) 0,, =+ dyyxNdxyxM  is exact is 
x

N

y

M

∂
∂

=
∂
∂

. 

4. (a) (i) Show that the function f is given by 

   ( ) yxyxf 2, =  satisfies Lipschitz condition on  R : 1)(,1 ≤≤ yx  

  (ii) Show that 
y

f

γ
∂

 does not exist ( )0,xt<  if 0≠x . 

 (b) Show that every initial value problem ( ) ( )∞<== 00 ,)0(,,' yyyyxfy  

has a solution which exists for 1<x . 

5. (a) Solve ( ) 0'4"
2 =+ yyy  

 (b) Give an example of a system of differential equations which 

arise in the study of dynamics of central forces and 

planetary motion. 
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1(a) Find  a solution φ  of the system 

  21211 ',' yyyyy +==  which satisfies )2,1()0( =φ . 

 (b) Find a solution φ  of ( )2'1" yy +=  satisfying 1)0( =φ , 1)0( −=φ . 

2 (a) Show that  

  ( ) ( )
( )




≤≤−−

≤≤−
=

11(sinsin

0sin1sin

1sin

1
,

xtxhh

txxhth

h
txG  

  is the green function of the problem 0)0(,0" ==− yyy  0)1( =y . 

Hence solve the problem 

  2)1(0)0(,sin2" ===− yyxyy . 
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 (b) Find the general solution of )(2'3" xfyyy =+− , ∞<<∞− x  where f 

is a continuous function and then evaluate the general 

solution when xxf =)( . 

4(a) Show that if 3210 ,,, zzzz  are any four different solutions of the 

Riccati equation 

  0)()()( 21 =+++ xczxbzxaz  then Show that  

  
23

13

1

2

zz

zz

zz

zz

−
−

=
−
−

= constant. 

 (b) Suppose a particle moves on a circle through origin and is 

acted on by a central force )(rF . Show that )(rF  is 

proportional to 5−r . 

5(a) State and prove strum’s comparison theorem. 

 (b) Discuss the oscillations of the Bessel equation. 

( ) 0'" 222 =−+− ynxxyyx  where n  is a constant. 

6(a) State and prove Picone’s Identity 

 (b) State and prove Abel’s formula. 

—————— 


